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kernel, special classes of time-non-homogeneous diffusion processes were treated in the works of Gutierrez et al. [4] , [5] .
In this paper this study is, at last, generalized for the class of time-non-homogeneous diffusion processes. For this, we have used, as in [3] , the expansion of the transition p.d.f. of the process due to Feller (see Fortet [2] ).
Let S(t) be a continuous function in [to, + oo), to E R, and let {X(t) : to ? t < T } be a one-dimensional time-non-homogeneous diffusion process with infinitesimal moments AI(x, t) and A2(x, t). Let I= (ri, r,) denote the diffusion interval, with r, and r, natural boundaries.
One can immediately show that, whatever the time-non-homogeneous diffusion process, the first-passage-time p.d.f, through the boundary S(t) satisfies the Volterra integral equation obtained in [1] , i.e. 
g(S(t), tI xo, to)= p --2(S(t), t xo, to)+22 g(S(z), z Ix0, to)P(S(t)
,
F(S(t), t I y, ) + k(t) f(S(t), t y, z) +r(t)[1-F(S(t), t y, )]
xo<S(to), (Sa(t), t y, ?r) = d
--F(S(t), t y, z) + k(t)f(S(t), t y, r) dt + r(t)F(S(t), t y, z) xo > S(to).
Here F(x, t I y, r) = P[X(t) < x X(r) = y] and f(x, t I y, z) = (/alx)F(x, t I y, z) denote the transition distribution function and the transition p.d.f. of X(t), and k(t), r(t) are continuous functions in [to, + cc). The kernel of the integral equation, Y(S(t), t I y, z), can be expressed in terms of the infinitesimal moments as ( (10) Q3(x, t x0, to) I (1 -p)dp -e"2/2B,(x, t, xo, to, u, p)du, Q4(x, t Xo, to)= 2 (1-p)dp -: ue-"2/2B1(x, t, xo, to, u, p)du ,, xo,to(u, p), t,'o,,(p))Q,(x, t Ig(x,,xoto(u, p), It,,to(p)), t,,to(p)),   B1*(x, t, xo, to, u, p)   8B(,,t,xo,,o(u,  p) 
2) (S(t),tI7,) F(S(t), t y, r)+ r(t)[1 -F(S(t), t y, )] xo < S(to), F(S(t), t y, r) + r(t)F(S(t)
,+
Lemma 2. Let S(t) be a C2[to, T]-class function and F(S(t), t y, z) be given by (3).
(a) If 1 
A2(x, t) (16) k(t)= L A(S(t), t) --4 a x=S()-t) then limp, F(S(t), t I S('r), z)=o0. (b) If lim,, F(S(t), t I S(z), z) exists, then k(t) is given by (16).

Proof. (a) From (6) we obtain af(x, t I S(z), z) ax x = S(t) = H(S(t), tI S(r), z) (17) X H((t t I S(), { A2(x, t) 1 h(S(t), t) -h(S(T), z)
.x=-s(t)
2A2(S(t), t) 12(t-T) 1A2(S(t), t) 8+H(x, t IS(T), z) t+t-z 8Q6(x, t IS(T), z) ax H(S(t), t S(z), z) ax and let 1 aA2(x, t) MA(t, z) = S'(t) + k(t) -A,(S(t), t) + -ax 4 _x x = S(t) (18) A2(S(t), t) h(S(t), t)-h(S(z), z) /2 t-z T The expressions (6), (17) and (18) lead us to F(S(t), tI S(), z) = Ho(S(t), tI S(T), z)II(S(t), t I S(), z)M(t, z)
[1 A2(x, t)
1]Q6(S(t),tI S(z),r)t-_z + S'(t)+ k(t) -Al (S(t), t) +2 x S (t), t S (), A2(S(t), t) aS(),)
H 
A2(S(t), t) CQ6(x, tI S(T), T) 2 ax x= S(t)
Due to the boundedness of the function Q6 and its partial derivative with respect to x, for finding limt, F(S(t), t I S(r), z) it is sufficient to calculate, if it exists, the limit of the following expression:
[
A2(S(t), t) 8H(x, t S(z),) )
Ho(S(t), t I S(z), z) LH(S(t), tI S (), -))M(t, z) + A2S
x,
Since lim 1
( (h(S(t), t) -h(S(z), T))2 1 rTt 2ricA2(S(t), t) 4(t -T) 2nA2(S(t), t)
and by virtue of (13) and (15), it is sufficient to prove the existence of M(t, r) + 2
A2(S(t)gt)Q1(S, (t), tI S(T), r) lim
Substituting the expression of k(t), the previous expression is of indeterminate form.
By applying L'H6pital's rule twice and recalling that S(t) e C2 [to, T] the desired result is obtained. (b) From (19) and due to the existence of limTt, F(S(t), t S(z), z), and also since
Ho(S(t), t I S(T), z) diverges as z approaches t, it must be that . 
A2(S(t), t) O-I(x, tlS(T), )i ] lim H(S(t), t' S(T), z)M(t,
A
{ F 1 dA2(x, t) k(t) = AI(S(t), t) ..t) -S'(t) lim Y(S(t), t I S(z)
Proof. From (2) and since lim,T, F(S(t), t S(T), z)= = we have lim F(S(t), tI S(z), z) = -r(t).
rTt By virtue of Lemma 2 we obtain the expressions of k(t) and r(t). Making use again of Lemma 2, the sufficient condition follows. Example. The homogeneous lognormal diffusion process has been widely used in stochastic modelling in different scientific fields (e.g. stochastic economics [6] and environmental sciences [8] ). A generalization of this process has also been considered in population growth [7] .
Remark 1. From the previous theorem the kernel of the integral equation (1) is W(S(t), t y, z) = f(S(t), tI y, 9) S(t)-
AI (S(t), t)
A non-homogeneous extension of this process is the lognormal process with exogenous factors. Such exogenous factors are time functions that affect the drift of the process. In this case the infinitesimal drift is AI(x, t)= xg(t), with g a continuous function. This process has been very useful because of its applicability in the field of stochastic economics [9] . However, for some economics phenomena with an exponential trend, this process cannot describe well the behaviour of the observed data in certain time intervals. This accounts for the necessity of having available time-non-homogeneous lognormal diffusion processes with infinitesimal moments of the kind Al(x, t)=xq(x, t), A,(x, t)=a2x2, 
P(S(t), t[y, z)= f(S(),y, ){S'(t)-S(t)g(t)-S(t) log(S(t)) -log(y) -' g(s)ds
The boundaries for which closed-form solutions for the first-passage-time p.d.f. can be obtained, without having to solve the integral equation (2) 
Hence |log(xo/S(to))l g(S(t), t I xo, to) =f(S(t), t I x0, to)S(t) (Xo # S(to)). t-to
